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Abstract
For each twist knot, we give a parametrization for an open subset of
the SL(3,C)-character variety, showing it to be an affine algebraic curve.
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1 Introduction
For a knot K ⊂ S3, let EK = S3−N(K), where N(K) is a tubular neighborhood
of K, and let pi(K) = pi1(EK).
Suppose G ≤ GL(n,C) is a linear group. A G-representation of pi(K) is
simply a homomorphism ρ : pi(K) → G; its character is the function χρ :
pi(K) → C sending x to tr(ρ(x)). The G-representation variety of K is the
set RG(K) consists of all representations ρ : pi(K) → G, and the G-character
variety of K is XG(K) := {χρ : ρ ∈ RG(K)}. Use RirrG (K) to denote the subset
of irreducible representations, and let X irrG (K) := {χρ : ρ ∈ RirrG (K)}. As is well-
known, RirrG (K) (resp. X irrG (K)) is an open subset of RG(K) (resp. XG(K)),
and G acts freely on RirrG (K), with quotient isomorphic to X irrG (K).
When n ≥ 3, till now few concrete results on G-representation/character
variety have been obtained; seen in the literature are only those for the Figure
eight knot [1], torus knots [4] and the Whitehead link [3]. In this note, we find
an open subset of X irrG (K) (whence of RG(K)) when G = SL(3,C) and K is a
twist knot. What we shall see is a regular cyclic 3-cover of an affine algebraic
curve.
Let Tm denote the twist knot with m horizontal crossings; the case when
m = 2k is shown in Figure 1. Since T−m−1 is equivalent to the mirror image
T ∗m of Tm and pi(T
∗
m)
∼= pi(Tm), without loss we may assume m = 2k.
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Figure 1: The twist knot T2k, with generators x, y of its knot group
2 Computing SL(3,C)-representations
It is easy to write down a presentation for the knot group:
pi1(T2k) = 〈x, y | y(xy−1)kx(xy−1)−ky−1 = (xy−1)ky(xy−1)−k〉. (1)
We pay attention to irreducible representations.
For a representation ρ : pi(T2k) → SL(3,C), let x = ρ(x), y = ρ(y), and let
z = xy−1. From (1) it follows that
yzk+1y = zkyz−kyzk. (2)
Conversely, each pair (x, z) ∈ SL(3,C) × SL(3,C) satisfying (2) defines a
representation of pi(T2k).
Notation 2.1. For any variables x1, x2, x3, by xj+ we mean xj+1 for j ∈ {1, 2}
and x1 for j = 3; by xj− we mean xj−1 for j ∈ {2, 3} and x3 for j = 1.
For a function f(λ), we use D(f(λ)) to denote the diagonal matrix with the
i-th diagonal entry f(λ).
Suppose y = (sij)3×3. For i = 1, 2, 3, let si = sii, and ui = si+,i−si−,i+.
The condition that z has distinct eigenvalues λ1, λ2, λ3 with λ
3k+1
i 6= 1 is an
open condition. Up to conjugacy, We may assume z = diag(λ1, λ2, λ3).
Comparing the diagonal entries of both sides of (2), we obtain
(λ2ki − λ2k+1i− )λki+ui+ + (λ2ki − λ2k+1i+ )λki−ui− = (λi − 1)s2i , i = 1, 2, 3. (3)
For {i, j, h} = {1, 2, 3}, comparing the (i, j)-entries in (2), we obtain
sihshj = αhsij , (4)
with
αh =
(λk+1h+ − λkh−)sh+ + (λk+1h− − λkh+)sh−
λ−2kh − λk+1h
. (5)
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If sij = 0 for some distinct i, j, then sih = 0 or shj = 0, either of which
contradicts the hypothesis of irreducibility. So sij 6= 0 for all pair i, j.
Note that (4) is symmetric with respect to i, j, and we are lucky to find
s12s23s31 = s13s32s21 = α1α2α3, (6)
and sijsji = αiαj whenever i 6= j. In particular,
ui = αi+αi−. (7)
Conjugating with a suitable diagonal matrix if necessary, we may assume sj±,j =
αj . This is possible exactly because s12s23s31 = s13s32s21!
The equations (3) and (7) can be reduced to three quadratic homogeneous
equations in s1, s2, s3, which has a nontrivial solution if and only if a certain
function in λ1, λ2, λ3 vanishes. Finally, det(y) = 1 is equivalent to
1 +
3∑
i=1
siαi+αi− − s1s2s3 = 2α1α2α3, (8)
which fixes s1, s2, s3 up to finitely many choices.
There is a shortcut to adequately simplify computations: (2) a prior provides
a condition that zy is conjugate to y so that tr(zy) = tr(y), i.e.,
3∑
i=1
(λi − 1)si = 0. (9)
Of course one should remember that tr(zy) = tr(y) is implied by (3), (7), (8).
Let
θ =
3∏
j=1
(1− λ3k+1j ), δ =
3∏
j=1
(λj − 1). (10)
Let vi = si+si−. It follows from (9) that (1− λ1)s21(1− λ2)s22
(1− λ3)s23
 =
 0 λ3 − 1 λ2 − 1λ3 − 1 0 λ1 − 1
λ2 − 1 λ1 − 1 0
 v1v2
v3
 , (11)
This together with (7) implies
ui =
1− λ3k+1i
θ
(
(1− λi)(λk+1i− − λki )(λk+1i+ − λki )vi
+ (1− λ−1i− )(λki+ − λki )(λk+1i − λki−)vi− + (1− λ−1i+ )(λki− − λki )(λk+1i − λki+)vi+
)
,
for i = 1, 2, 3, i.e.,
[u1, u2, u3]
t = θ−1D(λ−2k − λk+1)AD(1− λ−1)[v1, v2, v3]t,
3
with
A =
 λ1(λk+13 − λk1)(λk1 − λk+12 ) (λk3 − λk1)(λk+11 − λk2) (λk2 − λk1)(λk+11 − λk3)(λk3 − λk2)(λk+12 − λk1) λ2(λk+11 − λk2)(λk2 − λk+13 ) (λk1 − λk2)(λk+12 − λk3)
(λk2 − λk3)(λk+13 − λk1) (λk1 − λk3)(λk+13 − λk2) λ3(λk+12 − λk3)(λk3 − λk+11 )
 .
Computing via Mathematica, we obtain
A−1 = (θδ)−1D(1− λ−1)BD(λ−k−1 − λ2k),
where
B =
 λ1(λk+12 − λk3)(λk2 − λk+13 ) (λk1 − λk3)(λk+11 − λk3) (λk1 − λk2)(λk+11 − λk2)(λk2 − λk3)(λk+12 − λk3) λ2(λk+11 − λk3)(λk1 − λk+13 ) (λk1 − λk2)(λk1 − λk+12 )
(λk2 − λk3)(λk2 − λk+13 ) (λk1 − λk3)(λk1 − λk+13 ) λ3(λk+11 − λk2)(λk1 − λk+12 )
 .
Hence
[v1, v2, v3]
t = δ−1BD(λ−1)[λk1u1, λ
k
2u2, λ
k
3u3]
t.
Since  0 λ3 − 1 λ2 − 1λ3 − 1 0 λ1 − 1
λ2 − 1 λ1 − 1 0
B = D(1− λ)CD(λ),
with
C =
 λ−21 (λk2 − λk3)2 (λk1 − λk+13 )2 (λk1 − λk+12 )2(λk2 − λk+13 )2 λ−22 (λk3 − λk1)2 (λk2 − λk+11 )2
(λk3 − λk+12 )2 (λk3 − λk+11 )2 λ−23 (λk1 − λk2)2
 , (12)
by (11) we have
[(1− λ1)s21, (1− λ2)s22, (1− λ3)s23]t = δ−1D(1− λ)C[λk1u1, λk2u2, λk3u3]t.
Furthermore, by (3),
[(λ1 − 1)s21, (λ2 − 1)s22, (λ3 − 1)s23]t = H[λk1u1, λk2u2, λk3u3]t,
with
H =
 0 λ2k1 − λ2k+13 λ2k1 − λ2k+12λ2k2 − λ2k+13 0 λ2k2 − λ2k+11
λ2k3 − λ2k+12 λ2k3 − λ2k+11 0
 . (13)
Thus
det(D(1− λ)C + δH) = 0. (14)
This together with λ1λ2λ3 = 1 defines an affine algebraic curve.
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Remark 2.2. When (14) holds, using (8) we may uniquely determine s21, s
2
2, s
2
3.
However, due to (9), (8), actually s1, s2, s3 themselves are unique.
Theorem 2.3. Let F denote the set of ρ : pi(T2k) → SL(3,C) such that the
eigenvalues λ1, λ2, λ3 of ρ(xy
−1) satisfies one of the following: λi = λj for some
distinct i, j; λ3k+1i = 1 for some i. Then each element of RirrSL(3,C)(T2k) − F is
conjugate to a unique ρ : pi(T2k)→ SL(3,C) with
ρ(x) =
 λ1s1 λ1α2 λ1α3λ2α1 λ2s2 λ2α3
λ3α1 λ3α2 λ3s3
 , ρ(y) =
 s1 α2 α3α1 s2 α3
α1 α2 s3
 . (15)
Therefore, X irrSL(3,C)(T2k) contains an open subset isomorphic to a regular
cyclic 3-cover of the affine curve defined by (14) and λ1λ2λ3 = 1.
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